A Pattern Test for Distinguishing Between
Autor egressive and M ean-Shift Data

WAYNEA. TAYLOR
Baxter Healthcare Corporation, Round Lake, IL 60073

Statistical methods such as control charts and change-point analysis are commonly used
to determine whether the mean has shifted. Such methods assume independent errors
around a possibly changing mean. When such techniques are applied to autoregressive
data, erroneous conclusions can result. However, shifts of the mean create
autocorrelation between the observations making it difficult to distinguish mean-shift
data from autoregressive data. A pattern test has been devised that can reliably
distinguish between these two important cases.

I ntroduction

Look at Figures 1-3. Which two sets of data are most Smilar in structure?
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Figure 1. Mean-Shift Model
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Figure 2: First Order Autoregressive Model - Positive Correlation

Dr. Taylor is Director Quality Technologies and Head of Baxter's Six SigmaProgram. HeisaFellow of
ASQ. Hisemail addressiswayne@variation.com.
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Figure 3: First Order Autoregressive Model - Negative Correlation

Would you be surprised to find out it is the plots in Figures 2 and 3? Both were
generated using a firgt order autoregressve model. The plot in Figure 1 was generated
usng a different modd, cdled the mean-shift modd. When andyzing data collected
over time, it is important to be abdle to didinguish between these two important cases.
Visud ingpection of such data is unrdiable. A pattern test has been developed which can
reliably distinguish between these two models.

The M ean-Shift M odel

Statisticdl methods such as control charts and change-point andyds assume a series of
independent observations collected over time. At one or more points in time the mean
may shift. Let Xi, X, ... represent the data in time order.  The mean-shift modd can be
written as

Xi=m+e

where m is the average a time i Generdly m = m.; except for a smdl number of vaues
of i cdled the change-points. € is the random error associated with the ith vaue. It is
assumed that the e are independent and identicdly distributed with means of zero. Other
assumptions including normaity may aso be made by some of these daisticd methods
but are not required for the proposed pattern test.

The data shown in Figure 1 was generated using the following modd:

e ~ N(0,1) and independent
m, M1, My, M1, M1 ~ N(10,1) and independent
For dl otheri, m=m.

N(ms) means normdly disributed with mean m and standard deviation s. This modd
could result from a process where the mean shifts as a result of periodic materia changes.
It could dso result from a process subject to both setup and within setup variation. In
other cases, the mean-shifts could occur a random times. The proposed pattern test
works for any of these Stuations.



TheFirst Order Autoregressive Model

The data shown in Figures 2 and 3 were generated using the fird order autoregressive
modd:

e ~ N(0,1) and independent
r=f r.y+e

rh=0

Xi=10+r;

f is a congant between -1 and 1. The above modd results in a corrdation between
successve vaues of;

Corr{Xj, Xj.1} =f

Vaues of f=0.7 and f=-0.7 were used respectively in Figures 2 and 3. When f =0, the
autoregressive modd reduces to what is cdled the white noise modd where X ~ N(10,1)
and independent. Thisisaso aspecid case of the meantshift modd with no shifts

When checking for an autoregressve modd, one frequently cdculates the
autocorreations and displays them in the form of a correologram.  However, this is only
useful for diginguishing between an autoregressve mode and white noise.  The meant
shift modd dso results in austocorrdations between the vdues. In Figure 1 the
correlation between consecutive vaues is 0.43. Looking at the autocorrelations will not
alow one to digtinguish between these two models.

The Pattern Test

Figure 4 shows the sx possble patterns that can result from plotting three consecutive
points when there are no ties. Pettern 1 is caled the double up pattern and Pettern 6 is
cdled the double down pattern. The other 4 patterns will be referred to as reversa
patterns. For the autoregressve model, the double up and double down patterns are most
common when there is a pogtive autocorreation as in Figure 2. The reversa patterns are
maost common when there is a negetive corrdation asin Figure 3.

When the means of the 3 points are the same, dl Ix patterns are equdly likely. In this
case, the double up and double down patterns should occur 1/3 the time and the reversal
patterns should occur 2/3 of the time. The pattern test involves counting the number of
times the double up/down peatterns occur. This count is dightly biased when the mean
ghifts or there is an outlier. However the bias is small and easly compensated for making
this count useful for didinguishing between mean-shift and autoregressve data.  If this
count is sgnificantly greeter than a third the number of vaues, the daa is autoregressive
with pogtive corrdation.  If this count is dgnificantly less than a third, the data is
autoregressve with negetive corrdation.  Otherwise the mean-dhift modd fits the
observed data.
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Figure 4: Six Patterns for Three Consecutive Points

Table 1 gives critica vaues for S for a 29ded test with a=0.05 for n between 10 and
200. If S £ Sower, the data is autocorrelated with negative corrdlation. If S 3 sypper, the
data is autocorrelated with postive corrdation.  Otherwise, the data is consgtent with the
mean-shift mode. These criticd vadues and the agpproximations given bdow ae dl
based on the assumption that the number of shifts and outliers s less than 1 per 20 data
points. This assumption should rarely restrict the use of this procedure.

Formulas 1 and 2 can dso be used to cdculate significance levels. If ajower £ 0.025, the
data is autocorrdlated with negative corrdation. If ayper £ 0.025, the data is
autocorrdlated with podtive corrdation.  Otherwise, any corrdation in the data is the
result of mean shifts

B oue » 1 1 (B Dioner) (1)
where p,,,.. ;g::zé . a,.=S+1 ad b, = ”Iowzer-s

B e 1y, (B D) @
where pupperzM Qe =S and b -M-Sﬂ

315n - 600’ lower lower — 60pupper

I,(@ab) is the incomplete beta function. The derivation of these formulas is given in
Appendix A. They are within 2% of the true vaue for 0.01£a£0.1 and r# 10. Formulas
3 and 4 give a second less accurate gpproximation that can be used when ré 100.



Table 1. Two-Sided Critical Values for S = Number of Double Up/Down Patterns (@a=0.05)

N | Siower | Supper N | Siower | Supper N | Siower | Supper N | Siower | Supper
10 0 6 58 12 26 106 26 46 154 40 64
11 0 6 59 12 27 107 26 46 155 40 64
12 0 7 60 12 27 108 26 46 156 41 65
13 0 7 61 13 28 109 27 47 157 41 65
14 1 8 62 13 28 110 27 47 158 41 65
15 1 8 63 13 28 111 27 47 159 41 66
16 1 9 64 13 29 112 27 48 160 42 67
17 1 9 65 14 30 113 27 48 161 42 67
18 1 9 66 14 30 114 28 49 162 42 67
19 2 10 67 14 30 115 28 49 163 43 68
20 2 11 68 15 31 116 28 49 164 43 68
21 2 11 69 15 31 117 29 50 165 43 68
22 2 11 70 15 31 118 29 50 166 44 69
23 3 12 71 16 32 119 29 50 167 44 69
24 3 13 72 16 32 120 30 51 168 44 70
25 3 13 73 16 32 121 30 52 169 44 70
26 3 13 74 16 33 122 30 52 170 45 71
27 4 14 75 16 33 123 30 52 171 45 71
28 4 14 76 17 A3 124 31 53 172 45 71
29 4 14 77 17 A3 125 31 53 173 46 72
30 4 15 78 17 A3 126 31 53 174 46 72
31 4 15 79 18 35 127 32 54 175 46 72
32 5 16 80 18 35 128 32 54 176 46 72
33 5 16 81 18 36 129 32 54 177 47 73
4 5 16 82 18 36 130 33 55 178 47 73
35 6 17 83 19 37 131 33 55 179 47 73
36 6 17 84 19 37 132 33 55 180 47 74
37 6 18 85 19 37 133 A3 56 181 48 75
38 6 18 86 20 38 134 A3 57 182 48 75
39 7 19 87 20 38 135 A3 57 183 48 75
40 7 19 88 20 38 136 A3 57 184 49 76
41 7 20 89 21 39 137 35 58 185 49 76
42 7 20 20 21 39 138 35 58 186 49 76
43 8 21 91 21 40 139 35 58 187 50 77
44 8 21 92 21 40 140 36 59 188 50 77
45 8 21 93 22 41 141 36 59 189 50 77
46 9 22 e 22 41 142 36 60 190 51 78
47 9 22 95 22 41 143 37 60 191 51 78
48 9 22 96 23 42 144 37 61 192 51 78
49 9 23 97 23 42 145 37 61 193 52 79
50 9 23 98 23 42 146 37 61 14 52 80
51 10 24 99 24 43 147 38 62 195 52 80
52 10 24 100 24 44 148 38 62 196 52 80
53 10 24 101 24 44 149 38 62 197 53 81
54 11 25 102 24 44 150 39 63 198 53 81
55 11 25 102 25 45 151 39 63 199 53 81
56 11 25 104 25 45 152 39 63 200 54 82
57 12 26 105 25 45 153 40 64

Note: n=samplesize. If S£ sjower, the datais autocorrelated with negative correlation. 1f S3 sypper, the data
isautocorrelated with positive correlation. Otherwise, the datais consistent with the mean-shift model.
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Applications of the Pattern Test

Table 2 shows the results of gpplying the pattern test to the three sets of generated data in
Figures 3 plus the three red sets of data shown in Figures 57. In Figures 1-3, n=100
resulting in aritical values Sower=24 and $pper=44. For the mean-shift deta in Figure 1,
S=38 which fdls between the two criticd vadues This is consgent with a mean shift
modd. For the Figure 2 autoregressve data with podtive corrdaion, S=46. This
exceeds the upper criticd vaue proving the data is not condgtent with a meandhift
modd. For the Figure 3 autoregressve data with negative correlation, S=19. This is
below the lower criticd vadue agan proving the data is not consgent with a mean-shift
modd. The a vdues from Equations 1-4 support these same conclusons. Also shown
are the true a vaues obtained through smulation. All four goproximations are accurate
to three digits when n=100.

Table 2: Analysis of Example Data Sets

; Ajower | Alower | Qower | Qupper | Qupper | Qupper

Fig. Model N | S | Sower | Supper | wue | (Eq. 1) | (50.3) | tue | Eq 2) | Eq 4)

1 Mean-Shift 100 | 38 24 44 | 0.9187 | 0.9185 | 0.9187 | 0.2300 | 0.2296 | 0.2298

2 AUtoregressive | g5 | 46 24 44 | 0.9995 | 0.9996 | 0.9995 | 0.0047 | 0.0045 | 0.0046
- Positive

3 Autoregressive | g5 | 19 24 44 | 0.0007 | 0.0007 | 0.0008 | 0.9999 | 0.9999 | 0.9999
- Negative

5 Number 50 | 38 9 23 | 1.0000 | 1.0000 | 1.0000 | 0.0000 | 0.0000 | 0.0000
Sunspots

6 Batch Yields 70 | 9 15 31 | 0.0001 | 0.0000 | 0.0000 | 1.0000 | 1.0000 | 1.0000

7 Part Strength | 52 | 19 10 24 | 0.8294 | 0.8286 | 0.8286 | 0.3491 | 0.3499 | 0.3509

Figure 5 shows the number of sungpots for a 50 year period of time. This data is Series E
from Box and Jenkins (1976). The number of double up/down patterns is S=38. This
exceeds the upper criticd value Syppe=23 indicating the data is autoregressve with
postive corrdaion. Thea vauesfrom Equations 1-4 support this same conclusion.
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Figure 5: Wolfer Sunspot Data

Figure 6 shows the yields from 70 consecutive batches of a chemicd process. This data
is Series F from Box and Jenkins (1976). The number of double up/down patterns is
S=9. This is below the lower critical vaue swe=15 indicating the data is autoregressve
with negative corrdation.  The a vdues from Equations 1-4 support this same
concluson.
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Figure 6: Batch Yields

Figure 7 shows part strength readings taken once an hour over 52 consecutive hours. The
number of double up/down patterns is S=19. This is between the lower criticd vaue
Sower=10 and the upper criticd value sypperr=24 indicating the data is conastent with the
mean-shift modd. Thea vaues from Equations 1-4 support this same conclusion.
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Figure 7. Part Strength
Handling Ties

When ties are possible, two new patterns can occur: the single tie and the double tie. In
thiscase, let P be defined interms of X2, Xi.1, Xj asfollows

il double up/down pattern
b :?}g dngle tie pattern
' % double tie pattern
10 reversa pattern

Further, let S be defined as:

s=ar

=3

When X2, X1, X; ae identicadly digributed, E{P} = 1/3. Agan a test for
autoregresson can be constructed based on S averaging above or below 1/3 the number
of paterns. If the number of ties is smdl, Table 1 and Equations 14 may ill be used.
But if ties are more common, Table 1 and Equations :4 can no longer be used because
the ties reduce the variation of S. Instead Equations 5-8 should be used:

A oner ? 1- 1 Plower (alower’ blower) (5)
_ J(n- 2)var{R}+2(n- 3)Cov{P,,R.1}+2(n- 4)Cov{ R,R.,}]
where plower =1- n- 2 - : ’
n- 2

=S+1 and b =

lower

S

aI ower
lower



a » | b

upper > 1p, o (aupper '

upoer) )

60[(n- 2)vVar{ R} +2(n- 3)Cov{ R P} +2(n- 4)Cov{ R P, 2}]

where P upper =1- 21n- 40
21n- 40
aIower =S and blower = -S+1
60pupper
& S- £+Z 9
¢ 3 6 .
a'Iower » F (; - (7)
(n- 2)va{P}+2(n- 3)Co{P,P,} +2(n- 4)CoV{P,P,,} +
%)
& s- 0,2 :
>3 Fop 20 _6 (8
pp é (n- 2)var{P}+2(n- 3)Cov{P,P,.} +2(n- 4)CoV{P,P,,} +
[}

Edimates of Va{P}, Cov{P;,P+1} and Cov{P;,P.2} can be obtained from the data A
gpecid case with numeroustiesis pass/fal data. Inthiscase

X _ 11 with probahilit y p
710 with probahilit y (1- p)
Then:
il with probabilit y=0
5 :'i% with probabilit y = p(1- p)* +(1- p)*p+p*(1- p)+(1- p)p’
"T1% with probabilit y = p*+ (1- p)°
0 with probabilit y = p(1- p)p+(1-p)p(1- p)
Thisgives.

=[p® +(1- p)* +3p* (- p)+3(1- p)’p|=Klp+@- PF =4

For pass/fail data, the variance and covariances of P, are:

var{R}= % p- p) )
Cov{R,P,.} =- ép(l— ol? - 3p(t- p)+ - p)] (10
Cov{p.P.,} :3—16p(1- o) - p2@- p)- pd- p)? + (- p)’] (11)



For passffal data, an estimate of p can be obtained from the data and subdtituted into
Equations 911 to esimate Var{P;}, Cov{P;,P+1} and Cov{P;,P+2}. These estimates can
then be plugged into Equations 5-8 to obtain approximate a levels.

Other Applicationsof P

An example of a data set with ties is shown in Figure 8. 197 chemicd concentrations are
shown. Thisdatais Series A from Box and Jenkins (1976).
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Figure 8: Chemical Concentration Data

From this data Ps, ..., Pg7 can be caculated. The R vaues are time ordered data that
reacts to changes in the autoregressive behavior of the data. A CUSUM chart of the R
vaues is shown in Figure 9. The sudden change in direction in the CUSUM chart
indicates a sudden change in the autoregressive behavior of this data

CUSUM

3 30 57 84 111 138 165 192
Time

Figure 9: CUSUM Chart of P; for Chemical Concentration Data

A change-point andyss was then peformed on the P, usng Taylor (2000). This
software performs a bootstrgp andyss on the CUSUM chart to obtain confidence levels
and confidence intervds for the change. The reaults of this anadyss are shown in Figure
10. It verifies a change occurred with 98% confidence. The change is estimated to have
occurred just prior to point 145. With 95% confidence it occurred between points 83 and
179.

10



Table of Significant Changes for Pi

Confidence Level = 90%, Confidence Interval = 95%, Bootstraps = 1000, Sampling Without Replacement

Level

Row Confidence Interval Conf. Level From To

145 (83, 179) 98% 0.32629 0.54088 1

Figure 10: Results of Change-Point Analysis of P; for Chemical Concentration Data

The average P, before the change is 0.326, which is close to 1/3, indicating a lack of
autoregressve behavior. The average P, following the change is 0542 indicaing
autoregresson with a podtive correation.  Separate tedts for autoregresson were
performed on points 1-144 and points 1405-197. The results are shown in Table 3.
These tests confirm that following the change, the data is autoregressive with postive
correlaion, while before the change, the datais consistent with the mean shift modd.

Table 3: Pattern Test for Chemical Concentration Data

i Alower Ajower aupper aupper
Points | n | S | gq5) | (Eq.7) | (Eq.6) | (Eq.8)
1-144 144 47.33 0.4358 | 0.4442 | 0.8624 | 0.8631
145-197 53 26.67 | 1.0000 | 1.0000 | 0.0000 | 0.0000

Conclusion

The peattern test has proven to be useful for digtinguishing between two very important
modds the meanshift modd and the first order autoregressve modd. The pattern test
can be used to detect a violation of the assumption of independent errors when control
charting data and peforming a change-point anaysis. The series R can aso be used to
detect changes in the autoregressive behavior of the data. It provides a useful new tool
for helping to analyze complicated time series data

Appendix A

The digribution of the test datidtic S will be derived assuming no mean shifts or ties
Assume that a series of n data points X3, Xz, ..., X, has been collected in time order. Let
P be an indicator function of whether the double up/down pattern occurred for points X.
2, Xi-1, Xi. Further let:

s=ar

=3

The average and variance of Sare;

11



E(S =4 E(P) (12

i=3

Var(§ = § Va{P}+23 Cov{P,P.} +24 Cov{P.P.,) (13)
i=3 i=3 i=3

Assuming no ties or mean shifts, the B, are identicaly digtributed with:

E{P} =1/3

Va{P} =2/9
Cov{P;,P+1}=-1/36
Cov{ P;,Pi+2} = 1/180

All other covariances are zero. The above moments were caculated by generating the
5!=120 possible patterns for 5 points. Subdtituting the moments of R into Equations 12
and 13 gives the following momentsfor S:

B3 =73 (14)
Va{s = gn - 2)§+ 2(n- 3)%+ 2(n- 4)%%
(15)
_ 16n- 29
90

When the mean shifts between timei-1 and i, the following vaues change:

E{P} =E{P} =12
Va{P} =Va{Pi:1} = 1/4
COV{ Pi-l,Pi} =0
Cov{P;,P+1}=0
Cov{Pi+1,Pi+2}=0

COV{ Pi-z,Pi} =0

COV{ I:)i-l,l:)i+1} =0
Cov{P;,Pi+2}=0
Cov{Pi+1,Pi3}=0

All other vaues are as before.  The above moments were caculated by generating the
(41)?>= 576 possible patterns for 8 points where the first 4 points are al less than the last
four points. Let t be the number of shifts. When t shifts occur:

1 (Zt)l n+t- 2

ES =(n- 2- 2t)§+ 2 (16)




2 2 1 -1 10
Var =4dn-2t- 2)—+2t=+2(n- 3t- 3)—+2\n- 4t- 4)—~
S g )9 4 ( )36 ( )180H
(17)
_16n+16t- 29
90

Shifts increase both E{S} and Var{S}. To see what effect this has on the critical vaues,
take E{S} = 2 SD{S} as an gpproximate critical vaues. Both upper and lower critica
vaues increase as t incresses.  Figure 11 shows the percentage increase in these
gpproximate critical values as t ranges from 0% to 10% of n. Whent is 5% of n, i.e. a
change occurs once every 20 points, the critical vaues increase only 5%.

10
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Figure 11: Approximate Percent Increase in Critical Values As t Increases

Since the number of changes is not known, one cannot exactly determine the digtribution
of S. However, by assuming an upper bound on the number of changes, one can bound
its digribution. It would seem reasonable to expect no more than one change per twenty
points (t £ n/20). A lower critica vaue is then caculated besed on t=0 changes while the
upper critical vaueis based on t=n/20 changes.

If the P where uncorrdated, S would follow the binomid digribution. Since the
corrdations are smdl, one would expect the binomia didribution to provide a close
gpproximation. The binomid didribution B(x|n,,pp) has parameters n, and pp. It has a
mean of mpp and variance ppy(1-pp). Setting E{S} = nypp and Var{S} = nypp(1-pp) and
solving for n, and py, gives:

_Va{S _14n+14t- 31

ES  30(n+t-2) (18)

P, =1

L EHS _n+t- 2 _10(n+t- 2)°
= - -

19
Py, 3p, 14n+14t- 31 19)

13



Since n, may not be an integer as required by the binomid digribution, the more generd
incomplete Beta function, k(ab), will be used. Assuming t changes, the upper and lower
sgnificance levelsfor S can be approximated by:

Iower » B(Sl nb'pb) (S+1 n - S) (20)

Qe »1- B(S-1In,,p,)=1, (S, - S+1) (21)
Equation 1 was obtained from Equation 20 by subdituting Equations 18 and 19 and
setting t=0. Equation 2 was derived from Equation 21 by substituting Equations 18 and
19 and sdting t=n/20. Equation 5 was obtained from Equaion 20 by subdgtituting
Equations 13 and 16 and seting t=0. Equation 6 was derived from Equation 21 by
subgtituting Equations 13 and 16 and setting t=n/20. Simulations indicate that Equations
20 and 21 are accurate to within 2% of the true value for 0.01£a£0.1 and ré 10.

A second less accurate estimate can be obtained by agpproximeting the digtribution of S
usng the norma didribution with continuity correction. This results in Equaions 22 and
23. Equation 3 was derived from Equation 22 by subgtituting Equations 16 and 17 and
setting t=0.  Equation 4 was derived from Equation 23 by subgtituting Equations 16 and
17 and sfting t=n/20. Equation 7 was derived from Equation 22 by subgtituting
Equations 13 and 16 and setting t=0. Equation 8 was derived from Equation 23 by
subdtituting Equations 13 and 16 and setting t=n/20. These approximations should only
be used when r# 100.

- B+05- 9

Ajower é NaS -

as- 05- E{g 0

A e »1- F T 23
& Nas - (23)
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