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Change-point analysis is a powerful new tool for determining whether a change has taken
place. It is capable of detecting subtle changes missed by control charts. Further, it
better characterizes the changes detected by providing confidence levels and confidence
intervals. When collecting online data, a change-point analysis is not a replacement for
control charting. But, because a change-point analysis can provide further information,
the two methods can be used in a complementary fashion. When analyzing historical
data, especially when dealing with large data sets, change-point analysis is preferable to
control charting. A change-point analysis is more powerful, better characterizes the
changes, controls the overall error rate, is robust to outliers, is more flexible and is
simpler to use. This article describes how to perform a change-point analysis and
demonstrates its capabilities through anumber of examples.

I ntroduction

Did a change occur? Did more than one change occur? When did the changes occur?
With what confidence did the changes occur? All these questions and more can be
answered by performing a change-point andyss A change-point analyss is capable of
detecting multiple changes. For each change it provides detailed information including a
confidence leved indicating the likdihood that a change occurred and a confidence
intervd indicating when the change occurred.  The change-point andyss procedure
provided is extremdy flexible. It can be peformed on dl types of time ordered data
including dtribute data, data from nonnormd didributions, ill-behaved data such as
particle counts and complaint data, and data with outliers. This article describes how to
peform a change-point andyss and highlights its potentid applications through a
number of examples.

Traditionaly, control charts are used to detect changes. The mgor difference between
change-point analyss and control charting is that control charts can be updated following
the collection of each data point while a change-point anaysis can only be performed
once dl the data is collected. Control charts are generdly better at detecting isolated
abnorma points and a detecting a mgor change quickly while a change-point andyss
can detect subtle changes frequently missed by control charts. The two methods can be
used in acomplementary fashion.

When andyzing historica data, especidly when such data sets are large, a change-point
andysis is preferable to control charting the data.  One benefit of a change-point andyss
is that it controls the change-wise error rate. As a result, each change detected is likely to
be real. Control charts control the point-wise error rate. When there are thousands of
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data points, numerous points can exceed the control limits even when no change has
occurred.  Change-point andyss offers many other benefits as wdl. This atice dso
compares and contrasts these two methods of detecting change.

Example 1. US Trade Deficit Data

Before providing the details on how to peform a change-point andyss, we will gart
with an example. Table 1 shows US trade deficit data from 1987 to 1988 in hillions of
dollars. Thisdataisfrom Wheder (1993).

Table 1. USTrade Deficits 1987-1988 ($ billions)

Jan Feb | Mar [ Apr | May | Jun | Jul Aug | Sep | Oct | Nov | Dec
1987 | 107 | 130 | 114 [ 115 | 125 |141 [148 |141 | 126 | 160 | 117 | 106
1988 | 100 | 114 | 79 9.5 8.0 118 | 105 | 112 |92 101 | 104 | 105

A plot of this data is shown in Figure 1. Take a moment and determine what patterns you
detect in the plot. Did the trade deficit change during this period of time? How did it
change? When did it change?
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Figurel1: Plot of US Trade Deficit Data

The trade deficit gppears to be lower in 1988 than in 1987. To confirm that this is the
case, a control chart of the data can be constructed. The correct type of control chart to
use for this data is an individuas control chart. An individuas control chart of the trade
deficit data is shown in Figure 2. The two lines added to the individuads chart are cdled
control limits. They represent the maximum range that the vaues are expected to vary
over assuming no change has occurred. Points outsde the control limits indicate a
change has occurred. The fact that the October 1987 point is above the upper control
limit indicates that a change has occurred.
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Figure 2: Individuals Control Chart of US Trade Deficit Data

But what type of change occurred? Look at Figure 2 and decide how you would describe
the change. Was October 1987 an abnormaly high month? Did the trade deficit
gradudly decrease during this two-year period? Or did the trade deficit suddenly shift
downward at the end of 1987 or beginning of 1988? While control charts can be used to
detect changes, interpreting these changes can 4ill be difficult. To shed further light on
the nature of the change, a change-point andysis can be performed.

Change-Point Analysis

There are numerous gpproaches to performing a change-point andyss. The one used in
this paper has been implemented in Taylor (2000a). This software was used to perform
the analyses in this paper. The detalls of this procedure are provided later. Frst we will
look a the results of performing this andyss. Table 2 shows the results of a change-
point andlysis for the trade deficit datain Table 1.

Table2: Results of Change-Point Analysison US Trade Deficit Data

Table of Significant Changes for Trade Deficit

Confidence Level = 90%, Confidence Interval = 95%, Bootstraps = 1000, Sampling Without Replacement

Month Confidence Interval Conf. Level From To Level
Jun '87 (May '87, Jul '87) 91% 11.82 14.32 2 [
Nov '87 (Nov 87, Nov '87) 100% 14.32 10.2 1 [

The andlyss detects twvo changes. The first change is estimated to have occurred around
June 1987. This date represents the fird month following the change. The second
change is estimated to have occurred around November 1987.  Associated with each
change is a confidence level indicating how confident the andyss is that the change
actudly occurred. The first change occurred with 91% confidence. The second change
occurred with 100% confidence. We are much more confident about the second change.



Also associated with each change is a confidence intervd for the time of the change
indicating how well the time of the change has been pinpointed. 95% confidence is used
for dl confidence intervds. With 95% confidence, the first change occurred between
May and July of 1987. With 95% confidence, the second change occurred in November
1987. The fact that the confidence interva for the first change is wider indicates that the
time of the first change cannot be as accurately pinpointed as the second change.

Table 2 dso gives additiond information about each change. The table indicates that
prior to the first change the average trade deficit was 11.82 billion dollars while after the
firgd change it was 14.32 hillion dollars. Table 2 dso gives a level associated with each
change. The leve is an indication of the importance of the change. The level 1 change is
the firsg change detected and that which is most visbly apparent in the plot in Figure 1.

Level 2 changes are detected on a second pass through the data.  Any number of levels
can exist dependent on the number of changes found.

Figure 3 shows a graphicad presentation of the results of the change-point andyss. The
two changes are represented by the shifts in the shaded background. The shaded
background represents a region expected to contain al the vaues based on the current
mode that two changes occurred. Since dl points fal within this region, this modd fully
explans the variation in the data. The control limits for the individuds chat ae dso
displayed in Figure 3.
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Figure3: Plot of US Trade Deficit Data Showing Changesin Background

While the control chart barely detected any change had occurred (one point barely out),
the change-point andyss detected two changes. It dso provided additiona detals
including confidence leves and confidence intervas.  This example illudrates two of the
benefits of a change-point andyss it is more powerful a detecting smdler sugtained
changes and it better characterizes such changes. When used to andyze higtoricd data
for trends and changes, a change-point anaysis provides far more useful information then
a control chart. For such data, the best approach is to perform a change-point andyss.
However, this does not prevent one from aso control charting the data The results of
both approaches can be displayed in asmple plot like Figure 3.



Procedure for Performing a Change-Point Analysis

The procedure used by Taylor (2000a) for performing a change-point andyss iterdively
uses a combination of cumulative sum charts (CUSUM) and bootsirgpping to detect the
changes. The andyss begins with the congruction of the CUSUM chart shown in Figure
4.

18

CUSUM

-1 ] T T T T T T T
Jan '87 Apr '87 Jul'87 Oct '87 Jan '88 Apr '88 Jul '88 Oct '88

Month
Figure4: CUSUM Chart of US Trade Deficit Data

CUSUM charts are congtructed by caculating and plotting a cumulaive sum based on
the data. Let X1, Xz, ..., X4 represent the 24 data points.  From this, the cumulative
uUMs Sy, Sy, ..., Spq aecdculated. The cumulative sums are caculated as follows:

Xy + X+ Xy
24

2. Start the cumulative sum at zero by setting S = 0.

1. Fird caculatethe average X =

3. Cdculate the other cumulative sums by adding the difference between current
value and the average to the previous sum, ie, S :S_1+(Xi- 7) for
i=12..,24

For the Trade Deficit data:

X =11.39583

S=0

S =S, +(X,- X)=0+10.7- 11.39583 = -0.69583

S, =S, +(X, - X)=-0.69583+13.0- 11.39583 = 0.908333

S, =S, +(X,, - X)=0.89583+10.5- 11.39583=0.0

This is the series plotted in Figure 4. The cumulaive sums are not the cumulaive sums
of the vaues. Instead they are the cumulative sums of differences between the vaues and
the average. These differences sum to zero 0 the cumulative sum aways ends a zero
(S24=0).



Interpreting a CUSUM chart requires some practice.  Suppose that during a period of
time the vaues tend to be above the overdl average. Mogt of the vaues added to the
cumulative sum will be postive and the sum will deadily increese. A segment of the
CUSUM chart with an upward dope indicates a period where the values tend to be above
the overdl average. Likewise a segment with a downward dope indicates a period of
time where the vaues tend to be below the overal average. A sudden change in direction
of the CUSUM indicates a sudden shift or change in the average. Periods where the
CUSUM chart follows a relatively straight path indicate a period where the average did
not change.

Looking a Figure 4, the CUSUM chat takes a sudden turn in direction around
November 1987. This indicates that around this time, the average shifted. Before the
change in direction, the CUSUM dopes upwards indicating that initidly the trade deficits
are above the two-year average. After the change in direction, the CUSUM dopes
downwards indicating that the trade deficits are below the two-year average. After the
change, the CUSUM is reatively draight indicating no subsequent change occurred.
However, before the change, the CUSUM is bowed. It could be broken into two separate
line ssgments. This gives an indication that a second change might have occurred.

The CUSUM chart in Figure 4 appears to indicate that at least one and possibly two
changes took place. The problem with CUSUM charts is that they require consderable
sill to properly interpret. How can we be sure that these changes took place? A
confidence level can be determined for the gpparent change by performing a bootstrap
andyss. Before peaforming the bootstrap andyss, an estimator of the magnitude of the
change is required. One choice, which works wdl regardiess of the digtribution and
despite multiple changes, is St defined as.

Suift = Smax - Smin Where

Shax = Mmax
i=0,....24

Smin = mMn
" i=0,..., 24S

For the trade deficit data, Snn = -0.69583, Snax = 17.04583 making S = 17.74167.
Once the estimator of the magnitude of the change has been sdected, the bootstrap
andyss can be performed. A single bootstrap is performed by:

1. Generate a bootstrap sample of 24 units, denoted X%, X%, ..., X%a, by
randomly reordering the origind 24 vdues. This is cdled sampling without
replacement.

2. Based on the bootstrap sample, calculate the bootstrap CUSUM, denoted S,
Sol, . 8024.

3. Cdculae the maximum, minimum and difference of the bootstrgp CUSUM,
denoted Smax, S’min, and Sair.



4. Determine whether the bootstrap difference S is less than the origind
difference Sdiff.

The idea behind bootstrapping is that the bootstrap samples represent random reorderings
of the data that mimic the behavior of the CUSUM if no change has occurred. By
performing a large number of bootdtrap samples, you can estimate how much Sis would
vay if no change took place. You can then compare this with the St vaue cdculated
from the data is its origind order to determine if this value is consgent with what you
would expect if no change occurred. Figure 5 shows the CUSUM chart in Figure 4 of the
data in its origind order overlad with the CUSUM chats from 5 different bootstrap
samples. The bootstrap CUSUM charts tend to stay closer to zero than the CUSUM of
the datainitsorigind order. Thisleads one to suspect that a change must have occurred.
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Figure5: CUSUM Chartsof Data In Original Order Plus5 Bootstrap Samples

A bootstrgp andyss conssts of performing a large number of bootstrgps and counting
the number of bootstraps for which S’ is less than Sy, Let N be the number of
bootstrap samples performed and let X be the number of bootstraps for which Sqirr < Sitr.
Then the confidence leve that a change occurred as a percentage is caculated as follows:

Confidence Levd = 100% %

Typicaly 90%, or 95% confidence is required before one dtates that a sgnificant change
has been detected. For the five bootstraps shown in Figure 5, the values of Sqi are 7.0,
14917, 7975, 7.938 and 9.15 respectively. All of these vaues are bdow Sy =
17.74167. Figure 6 shows a histogram of Sy based on 1000 bootstrap samples. Out of
1,000 bootstraps, 995 had St < Sitr. This gives aconfidence level of:

Confidence Level = 100222 = 99.5%
1000

Thisis strong evidence that a change did in fact occur.



180
160 —
140 ih
120
100
80
60
40
20

0 T T T 1T 1T 1T 1T 1T 11 1T 1.1 ||-|
— <t N~ o ™ ©
—l — —

Number

Sdiff =17.74167

<

19
22 ]
25 ]

SCaite
Figure6: Histogram of Syis for 1000 Bootstrap Samples

Idedlly, rather than bootstrapping, one would like to determine the distribution of S
based on al possble reorderings of the data However, this is generdly not feasible.
The trade deficit data condsts of 24 vaues. The totd number of possble reorderings is
24! = 6.2 10, This is more samples than could reasonably be generated. The bootstrap
andyss randomly selected 1000 of these possible reorderings and used them to estimate
the distribution of S’ A better esimate can be obtained by increasing the number of
bootstrap samples. However, 1000 bootstraps is sufficient for most purposes. Repesating
the above andyss 10 times resulted in the following confidence levels 99.6%, 99.2%,
99.3%, 99.2%, 99.4%, 99.7%, 99.2%, 99.7%, 99.5% and 99.2%. All the andyss
performed in this article are based on 1,000 bootstrap samples.

Bootgtrapping results in a digribution free gpproach with only a sngle assumption, that
of an independent error structure.  Both control charting and change-point andyss are
based on the mean-chift modd. Let X3, Xo, ... represent the data in time order. The
mean-shift model can be written as

Xi=m+e

where m is the average a time i. Generdly m = m.; except for a smdl number of vaues
of i cadled the change-points. e is the random error associated with the ith vaue. It is
assumed that the e are independent with means of zero. Taylor (2000b) provides a
procedure for detecting a departure from this assumption. Data not appropriate for a
change-point andysis and control charting include autoregressve time series data such as
gsock prices. Control chats dso make the assumption that the e are identicaly
digributed. They frequently make additiond assumptions as well, for example, tha the
e are normally distributed.

Once a change has been detected, an estimate of when the change occurred can be made.
One such egtimator isthe CUSUM egtimator. Let m be such that:



ISml = max |S; |
i=0,...,24
Sh is the point furthest from zero in the CUSUM chart. The point m estimates last point
before the change occurred. The point m+1 estimates the first point after the change. For
the trade deficit data, the most extreme point on the CUSUM chart is the November 1987
(S11). The best edtimate of when the change occurred is between November 1987 and
December 1987.

A second edtimator of when the change occurred is the mean square error (MSE)
estimator. Let MSE(m) be defined as:

MSE(m)=g (Xi - 71)2"' g(xi - Yz)z

i=1 i=m+1
g &
aX ax,
where X, =11 — and X, =Lmd
m 24-m

The MSE eror esimator is based on the idea of splitting the data into two segments, 1 to
m and m+1 to 24, esimating the average of each segment, and then seeing how well the
data fits the two estimated averages. The vadue of m that minimizes MSE(m) is the best
estimator of the last point before the change. As before, the point m+1 estimates the firs
point after the change. For the trade deficit data, the value of m minimizing MSE(m) is
10. The best esimate of when the change occurred is between October 1987 and
November 1987. This is one month earlier than predicted ky the CUSUM edtimator. In
Table 2, the MSE edtimator was used to estimate the times of the changes and the months
reported are the first months following the change, i.e,, m+1.

Once a change has been detected, the data can be broken into two segments, one each
gde of the change-point, and the analysis repeated for each segment. For each additiona
sgnificant change found, continue to split the segments in two. In this manner multiple
changes can be detected. For the trade deficit data, the initial change splits the data into
two segments, January 1987 through October 1987 and November 1987 through
December 1988. Repedting the anadyss on each segment results in the detection of a
second change predicted to have occurred between May 1987 and June 1987. This
changed occurred with only 91.0% confidence so is not as likely to have occurred as the
firg change. However, there is ill strong evidence that a second change occurred.
Figure 7 shows the CUSUM chat from Figure 4 with the significant changes shown in
the background. It appears that the dope of the CUSUM chart changed twice. These
correspond to the two changes of the background color.

While the above procedure generdly works wdll, it can be improved. Taylor (2000)
treats the changes detected by the above procedure as a set of candidate change-points.
Once this st is generaed, dl the change-points and ther confidence levels ae
reestimated. A backward eimination procedure is then use to diminate those points that
no longer test Sgnificant. When a point is diminated, the surrounding change-points are
reestimated adong with their sgnificance levels. This reduces the rate of false detections.
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Figure7: CUSUM Chart of US Trade Deficit Data With
Significant Changes Shown in the Background

Table 2 dso gives confidence intervas for the time of the change. Methods of obtaining
bootstrap confidence intervas are provided in Efron and Tibshirani (1993). Change-
point andyss has a long higory. The problem was origindly sated in Page (1955,
1957). Hinkley (1971) and Pettitt (1980) suggest the application of CUSUM charts.
Hinkley and Schechtman, (1987) suggest the application of bootsrgpping.  The
procedure in this article combines these two approaches in a novel fashion. It aso adds
an iterative gpproach that alows multiple changes to be detected. All the above
references are redtricted to the problem of detecting a single change.

Detecting Changesin the Variation and Other Characteristics

The change-point analysis procedure can be gpplied to any characteristic for which data
is collected over time. In the trade deficit example, it was gpplied to individud vaues. It
can dso be gpplied to averages, standard deviations, ranges, defect levels, counts and
many other types of data Taylor (2000b) shows how a change-point andyss can be used
to detect a change in the autocorrelation structure of a set of chemica data.

For the trade deficit data we would aso like to determine if the variation changed. This
presents a specid problem because we have only a single observation per month so we
cannot caculate a range or dandard deviation. In this casg, it is gill possble to andyze
the vaiaion by peaforming the change-point andyds on the differences between
consecutive points.  Let X1, Xp, ..., Xoa represent the 24 data points. From this, 12
consecutive difference Dy, Dy, ..., D12 are cdculated asfollows:

D= | Xoi — Xoi1 | for i=1,2,...,12

Figure 8 shows a CUSUM chat of the trade deficit variation (differences). Performing a
bootdtrgp andyss on this chart indicates that no dgnificant change in the trade deficit
variation occurred.

10
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Figure8: CUSUM Chart of US Trade Deficit Variation

It is important to only use differences that do not have points in common. For example,
[X2 — Xq| and |[X3 — X3| have the point X% in common and are therefore corrdated. This
violates the assumption of independent errors required by a change-point andyss. While
the difference between consecutive points will frequently provide a good edtimate of the
ghort-term  variation in the process a leet some of these differences might be
contaminated by shifts or changes in the average. Such shifts can create outlier or
extreme vaues in the data. As we will see in the next section, the change-point andyss
procedureis robust to such outliers.

Handling Outliers

What if the data contains an outlier? As an example of what can happen, the June 1987
trade deficit value was changed to 25. Figure 9 shows an individuas control chart for
this modified set of datawith the results of the change-point andysis shown in the
background. The outlier is clearly evident. The outlier creates additiond variation in the
data making it more difficult to detect achange. Despite this, the change-point andyss
gtill detects the second change, which was the change with the greatest effect.
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Figure9: Individuals Chart of US Trade Deficit Data With Outlier
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The change-point analysis procedure is reasonably robust © such outliers. It can be made
even more robust by andyzing the ranks of the vaues instead of the vaues themsdves.
For the trade deficit data, there are 24 data points. The largest vaue is given a rank of 24,
the second largest vaue is given a rank of 23, and the smdlest vadue is given a rank of 1.
Andyzing the ranks ingtead of the actud vaues results in a procedure that is dmost
unaffected by outliers. Table 3 and Figure 10 show the results of performing a change-
point analyss on the ranks. The same results are obtained as before without the outlier
incdluding identica confidence leves.

Table 3: Results of Change-Point Analysis on Ranks When Data Contains Outlier

Table of Significant Changes for Trade Deficit

Confidence Level = 90%, Confidence Interval = 95%, Bootstraps = 1000, Sampling With Replacement, Analysis of Ranks

Month Confidence Interval Conf. Level From To Level
Jun '87 (Apr '87, Aug '87) 91% 11.82 15.7 2 [
Dec '87 (Nov '87, Feb '88) 100% 15.7 10.085 1 [ ]

The outlier in Figure 10 fdls outsde the shaded region indicating it dill doesn't fit the
results of the change-point andyss and should be trested as an isolated anorma point.

This example suggests that a change-point andyss should be supplemented with an
individuds chart (or other control chart) to detect the presence of outliers or abnorma
points. If such points exig, the change-point andysis should be performed on the ranks.

When the ranks are andyzed, the change-point anaysis can detect smdler sustained
changes with little interference from the outliers.
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Example 2: Complaint Data

To further illustrate the benefits of a change-point andyss, two more examples will be
presented. The fird example involves a sat of complant data. The complaint rate had
increased triggering an invedtigation into its cause.  Fgure 11 shows the number of
complaints for the last eight months. Higtoricaly, the complaint rate was close to zero as
in the firds month. It gppears that the complaint rate steadily increased over a three-
month period and then gradudly darted to decline. A team was put together to identify
what had happened over these three months to cause the increase in complaints.
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Figure 11: Plot of Number of Complaints Per M onth

Complaints are recorded by lot number. There were approximately 30 lots each month.
Lots 130 correspond to January, lots 31-60 correspond to February and so on. The lots
ae dl of gmilar szes Figure 12 shows a control chart of the number of complaints by
lot number. Only an upper control limit is shown since the counts are bounded below by
zero. There are 24 points above the control limit indicating a change has taken place.
Did more than one change occur? One way of answering this question using controls
charts is to recaculate the control limits each time a change is detected. When did the
fird change occur? The firgt point outsde the control limits is lot 75 (middle of March).
Is this the best guess of when the change occurred? Using a control chart to determine
how many changes occurred and when each change occurred is a difficult and error-
prone process.
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Figure12: Control Chart of Number of Complaints Per Lot
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To get a better underganding of the number and timing of the changes, a change-point
andyss was performed. The results are shown in Table 4. The leve 1 change occurred
around lot 74 (middle of March). Previous to this a level 2 change occurred around lot 42
(middle of February). The number of complaints per ot jumps from O to 6.6 during the
first change and then yp to 27.7 following the second change. The second change is over
three times the magnitude of the firsg change. Complaints are ill being received for lots
produced during the last three months. The other four changes dl occur toward the end
of the data set, where the complaint data is incomplete, and may be caused by the fact
that complaints are il being received.

Table4: Resultsof Change-Point Analysison Complaint Data

Table of Significant Changes for Complaints

Confidence Level = 90%, Confidence Interval = 95%, Bootstraps = 1000, Sampling Without Replacement

Lot Confidence Interval Conf. Level From To Leve

42 (42, 73) 100% 0 6.5938 2 e
74 (72, 86) 100% 6.5938 27.662 1 [
145 (78, 162) 91% 27.662 16.465 2 e
188 (147, 188) 98% 16.465 4.24 3 e

213 (209, 225) 98% 4.24 11.077 5 B

226 (214, 228) 98% 11.077 1.6667 5 B

Figure 13 shows the CUSUM chat of complaints with the changes shown in the
background. The firg two changes represent the onset of the problem. The rdative
draghtness of the line segments before and after these changes indicates the changes
were fairly sudden.
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Figure 13: CUSUM of Number of Complaints
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The change-point analysis has yidded severa important clues. The problem, rather than
developing gradudly over a 3-month period, seems to be the result of two changes, the
second change being the greater of the two and occurred around lot 74. The confidence
interva indicates that with 95% confidence the second change occurred between lots 72
and 86. This corresponds to 2-week period of time. Further, something had occurred
previous to this to cause a smdler number of complaints. Since the process has 5 lines,
maybe the process change responsible for the complaint problem was piloted on one line
around lot 42 (first change) and then implemented across the other 4 lines around lot 74
(second change). This led to the identification of a change in materid handling that fit
the clues and proved to be the cause of the problem.

This example illudrates severd of the benefits of change-point anadyss. Fird, notice
how the change point andyss provided much more detalled information about the
number and timing of the changes than ether the monthly summary in Fgure 11 or the
control chart in Figure 12. Determining the exact time of the changes was key to solving
the problem. Second, the change point andyss determined that the first change occurred
around lot 45. This change was missed by the control chart, which didn’'t have a point
outsgde the control limits until lot 75 (second change). Change-point andyss can detect
changes missed by control charts. Third, the change-point andyss is more flexible. The
same andyds worked on the complaint data as the trade deficit dataa However, a
different type of control chart was required. An individuds control chart was used for the
trade deficit data in Figure 2 while a uchart was used in Figure 12 for the complaint data
This makes it easier to teach others to peform a change-point andyss.  Findly, a
change-point andyss is smpler to use when deding with large daa sets with multiple
changes. Using a control chart requires cdculation of new limits following each change
in order to detect further changes. This is complicated by the need to estimate the time of
the changes to determine what data should be used to cdculate the new control limits.
Change-point analyss automates this difficult process agan making it esser to tran
others to do the andyss. When andyzing large sets of historical data, clearly a change-
point andysisis preferable to control charting.

Example 3. Part Strength

The next example involves the online collection of data on part strength.  When charting
onling, it is best to use a control chat. Control limits were caculated using historica
daa. Every hour a new sample was sdected and the results immediately added to the
control chart. Figure 14 shows the results of the firg 25 inspections. The last point
plotted fals outsde the control limits. At this point the operator should begin a root
cause invedigation to determine the cause of the problem as wel as take whatever
interim actions are necessyy to continue maeking good product.  Generdly, this
investigetion focuses on what occurred between the 24 and 25 points to cause the
problem. A change-point andyss of the firg 25 points might provide further insght into
the problem, hel ping the operator to determine the root cause.
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Figure14. Control Chart of Part Strengths

Table 5 shows the results of performing a change-point andyss on the data in Figure 14.

The change-point andyss indicates two changes in fact occurred. The fird change
occurred around point 13. The second change occurred between the points 22 and 23.

Thisis severd points before the control chart went outside the control limits.

Table5: Resaultsof Change-Point Analysison Strength Data

Table of Significant Changes for Strength

Confidence Level = 90%, Confidence Interval = 95%, Bootstraps = 1000, Sampling Without Replacement

Time Confidence Interval Conf. Level From To Level
13 (10, 15) 100% 20.147 20.491 2 [ ]
23 (23, 23) 97% 20.491 19.83 1 [

An invedtigation into what events occurred around points 13 and 23 determined that these
two times corresponded to roll changes of the raw materid. This lead to a change in the
roll change procedure that improved the process dability. Figure 15 summarizes the
results of the change-point andyss.
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Figure 15: Plot of Part Strengths Showing Results of Change-Point Analysis
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This third example illusrates how change-point andyss can complement online control
chats. Change-point anayss is a powerful problem investigation tool. It can detect
changes missed by the control chart and can provide better etimates as to the timing of
the changes. It just might provide the extra ingght that leads to the solution of a problem
that would otherwise go unsolved.

Conclusion

Change-point andyss is not a replacement for control charting. Control charts are the
preferred approach when data is collected and plotted on an hour-by-hour bass such as
on a production line. In this case, a change-point andysis can be use to complement the
control chats. Firg, a change-point andyss can be performed on the cumulated data
once a week to try and detect more subtle changes missed by the control charts. Second,
when a control chart detects a change or problem, a change-point andyss can be
peformed to better characterize the timing and nature of the change as pat of the
problem solving process.

When peforming a one-time andyds on higoricd daa a change-point andyss is
preferred to control charting, especidly when you are deding with large daa s
Sometimes, such andyses are triggered by an event such as an increase in complaints.
This could trigger the review of the complaint higtory for the last 3 years to determine
when the problem darted. Other times such andyses are done to gain understanding.
For example, a manager might decide to review accident data to determine if there are
any trends. Still other times, data might be periodicaly reviewed to gain the big picture.

Each year as part of the annud report an andyss might be performed on inventory turns
to see whether there has been an improvement. When performing such andyses, a
change-point andys's has numerous advantages over a control chart including:

1. It is more powerful a detecting smdler sustaned changes. This is especidly
true when compared to an individuas control chart.

2. It better characterizes such changes including detection of multiple changes,
providing associated confidence levels, and providing confidence intervas for
the times of the changes.

3. It reduces the number of fase detections by controlling the change-wise error
rate. As a result, for each change detected there is high confidence that it is
red. Control charts control the point-wise error rate and, when used with
large data sets, can produce numerous fal se detections.

4. It is robust to outliers and can be made even more robust by peforming a
change-point analyss on the ranks.
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5. It is more flexible. The same procedure works for al types of data including
dtribute data, individud vaues counts, averages and sandard deviations.
Control charts require different types of charts for each type of data. Further,
a change-point andyss can be peformed on ill-behaved data like particle
counts and complaint data, which do not follow any of the traditionad control
chating didributions and may contan numerous outliers. Only one
assumption is made which can easily be tested for.

6. It is dmpler to use and interpret, especidly for large data sets and when
multiple changes have occurred. On a control chart, a single change can cause
numerous points to fadl outsde the control limits. Determining the number of
changes and exactly when the changes occurred is Hill a difficult task. One
way of accomplishing this with control charts is to establish new control limits
following each change in order to be able to detect further changes. This is
complicated by the need to estimate the time of the changes to determine what
data should be used to establish new contral limits Change-point andyss
automates this difficult process.

Despite its numerous advantages, change-point andyss has two shortcomings.  Fird, it
does not detect isolated abnorma pointss A change-point andyss should be
supplemented with a Shewhart control chart when such points are of concern. Box and
Lucefio (1997) demonsgtrate that Shewhart control charts are optima at detecting isolated
abnormal points while CUSUM charts are optima at detecting shifts of the mean. If one
is concerned with both types of changes, both procedures can be used to complement
each other.

Second, the bootstrapping approach will not produce identicad results each time it is
peformed. This is because of the random sdection of the bootstrap samples. This last
shortcoming is largely a matter of andyss time because increesng the number of
bootstraps results in increasingly more precise results. The 1000 bootstraps used in the
examples are recommended as the minimum number. For smdl daa sets, 10,000 and
even 100,000 bootstraps can be performed in a reasonable amount of time.

Change-point analyss represents a powerful new tool that complements online control
chats and is preferable to control charts when andyzing higtorical data  However,
possibly the greatest benefit of the given procedure is its flexibility and smplicity. When
implemented in a software package, the user does not have to be concerned with attribute
versus variables data, normality assumptions, distributions, and sdecting the appropriate
type of control chat. This can result in software that is eeder to use than are most
control charting packages. Such software could automaticaly verify the assumption of
independent errors and check for outliers. If either was found, the software could notify
the user of the problem and guide them on what to do. This would make a change-point
andyss an extremely safe gpproach, even for a novice. Hopefully, this type of software
will hep make the forma andlyds of time ordered data a much more common practice.
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